We study nonlinear magneto-optical responses of metals by a semiclassical Boltzmann equation approach. We derive general formulas for linear and second order nonlinear optical effects in the presence of magnetic fields that include both Berry curvature and orbital magnetic moment. Applied to Weyl fermions, the semiclassical approach (i) captures the directional anisotropy of linear conductivity under magnetic field as a consequence of an anisotropic B 2 contribution, which may explain the low-field regime of recent experiments; (ii) predicts strong second harmonic generation proportional to B that is enhanced as the Fermi energy approaches the Weyl point, leading to large nonlinear Kerr rotation. Moreover, we show that the semiclassical formula for the circular photogalvanic effect arising from the Berry curvature dipole is reproduced by a full quantum calculation in the case of two bands using a Floquet approach.
I. INTRODUCTION
The wavefunction of a single electron moving through a crystal has several geometric properties whose importance in insulators is well known. The most celebrated example is the Berry phase derived from Bloch states. It gives a gauge field in momentum space that underlies topological phases ranging from the integer quantum Hall effect to topological insulators. These phases are characterized by topological invariants that can be expressed as integrals of Berry gauge fields; even in ordinary insulators, similar integrals describe important physical quantities such as electric polarization [1, 2] as well as the magnetoelectric response [3] [4] [5] [6] .
In metals, the Berry gauge field is known to give an additional term (the "anomalous velocity") in the semiclassical equations of motion that describe the motion in real and momentum space of a wavepacket made from Bloch states. The anomalous velocity was originally discussed in the context of the anomalous Hall effect in magnetic metals such as iron. The semiclassical equations can be derived systematically to linear order in applied electric and magnetic fields, under certain assumptions that we review more fully in Section II below. In several cases, such as the anomalous Hall effect [7] and the gyrotropic or "transport limit" of the chiral magnetic effect [8, 9] , the semiclassical approach (SCA) fully reproduces the results obtained from quantum-mechanical calculations based on the Kubo formula.
The focus of this paper is the semiclassical theory of nonlinear properties of metals that are currently active subjects of experimental and theoretical investigation. One motivation is that systematic quantum-mechanical derivations that capture all contributions to a given nonlinear order in applied fields have not as yet been achieved. An example we consider is the chiral anomaly, which in a solid is a particular type of angle-dependent magnetoresistance with an enhanced electrical conductivity along the direction of an applied magnetic field. This effect has been argued to exist based on linearization near isolated Dirac or Weyl singularities, but the lesson of the past few years of work on the chiral magnetic effect is that it can be dangerous to treat the singularities solely and without including all effects at a given order. We derive a semiclassical formula for magnetotransport in the weak-field regime of this problem, and discuss that including all terms gives an answer distinct from that in other recent work, which may explain experimental observations on a Dirac semimetal in this regime [10, 11] .
The semiclassical equations of motion for an electron wavepacket in a metal are [12] 
One new contribution compared to the version in older textbooks [13] is from the Berry curvature in momentum space,
and another is from the orbital magnetic moment contribution to the energy dispersion: k = 0 k − m k · B where H k |u k = 0 k |u k with B = 0 and the orbital magnetic moment is
(We note that we adopt the convention e > 0.) These equations conserve the properly defined volume in phase space and give an intuitive approach to many observable properties of metals. However, the SCA can make erroneous predictions if used outside the regime of its validity. To illustrate this point we present, in Section II, the predictions of semiclassical and fully quantum theories of a fundamental nonlinear response in metals with low symmetry -the photogalvanic effect (PGE) [14] [15] [16] . The term "photogalvanic" refers to the generation of a dc current by a time-varying electric field, with amplitude proportional to the square of the applied field. The PGE is distinguished from a conventional photovoltaic response by the dependence of the dc current on the polarization state of the electric field. For example, in the the circular PGE (CPGE) the direction of the dc current reverses when the polarization state of the time-varying field is changed from left to right circular. Using the SCA the CPGE has been shown to have a Berry-phase contribution [17] in 2D and more recently in 3D [18] systems such as Weyl semimetals.
In Section II we show that the previous semiclassical predictions for the CPGE can be derived in a fully quantum theory for a two-band model using the Floquet approach [19] . While the Floquet calculation is far from a proof for all effects and all band structures, it shows that at least some of the nonlinear effects that follow from semiclassical equations are exactly what is obtained from a full quantum derivation, which was previously only known in the linear case. There are extra terms that appear in the quantum derivation but these are "interband" terms, in that they have interband energy denominators, and hence expected to be absent in the semiclassical limit. We also show that in this same limit in which interband terms are neglected, there is close quantitative relation between CPGE and second-harmonic generation (SHG).
In sections III we derive semiclassical formulas for a variety of nonlinear effects. In particular, we systematically study nonlinear magneto-optical effects by incorporating the orbital magnetic moment, which has not been discussed previously. We show that magnetic fields modify the nonlinear Hall effect via the orbital moment of Bloch electrons. In section IV, we apply our semiclassical formula to magneto-transport of Weyl/Dirac semimetals and study the angle-dependent magnetoresistance. We find that there exist contributions of opposite sign from orbital magnetic moment and Berry curvature in addition to the contribution of the chiral anomaly. The angular dependence that we obtain by taking into account all the contributions at the same order in the SCA is compared with recent magnetotransport experiments [10, 11] . Section V applies the semiclassical formulas to nonlinear Kerr rotation (polarization rotation of SHG signals with applied magnetic fields) of Weyl semimetals. Since isotropic Weyl fermions with linear dispersion support no intraband contribution to SHG in the absence of magnetic fields, intraband contributions to SHG in such Weyl semimetals are linear in B, which leads to nonlinear Kerr rotation in general. We show that Weyl semimetals can exhibit giant nonlinear Kerr rotation in the infrared regime as the Fermi energy approaches to Weyl nodes. Section VI summarizes some remaining issues and open problems.
II. NONLINEAR OPTICAL EFFECTS AND FLOQUET APPROACH
In this section, we first review formulas for the nonlinear Kerr rotation and CPGE. Previous works based on SCA showed that those nonlinear optical effects are described by a geometrical quantity, i.e., Berry curvature dipole [18] . We give an alternative derivation for those formulas based on fully quantum theoretical treatment by applying Floquet formalism for a two-band system.
A. Geometrical meaning of nonlinear optics in the semiclassical approach
In previous semiclassical works [17, 18] , it has been shown that the intraband contributions to SHG and CPGE have a geometrical nature that are described by Berry curvatures of Bloch wave functions. The SHG is the second order nonlinear optical effect that is described by nonlinear current responses j(2ω)e −2iωt as
when the external electric field is given by
Nonlinear Hall effect in Ref. [18] refers to a transverse current response that is described by σ abb with a = b. Similarly, the CPGE is the second order nonlinear optical effect in which dc photocurrent of j (0) is induced by circularly polarized light as
In a time reversal symmetric material, these nonlinear response tensors σ are given by
when the frequency ω is much smaller than the resonant frequency for optical transitions (i.e., the intraband contribution). Here abc is the totally antisymmetric tensor and f 0 is the Fermi distribution function. We focus here on the case of a 3D material [18] but have adopted slightly different notations for E(t) and j from those in Ref. [18] , which resulted in a modified expression for σ above. While these nonlinear effects are Fermi surface effects because one obtains σ abc ∝ adc dk(∂ b f 0 )Ω d by integrating by parts, they can be also understood as currents carried by electrons in the Fermi sea with anomalous velocity originating from the Berry curvature dipole.
The way that the anomalous velocity (k × Ω) of electron wave packets driven by an external electric field leads to CPGE and SHG is schematically illustrated in Fig. 1(a) ]. In the Berry curvature dipole, the anomalous velocities in regions with Ω > 0 and Ω < 0 add, which results in dc current. Similarly, linearly polarized light induces an oscillation of wave packet as shown in Fig. 1(b) . The driven wave packet exhibits anomalous velocities in the y direction that oscillate twice in the driving period, which results in SHG.
B. Fully quantum mechanical derivation by Floquet formalism
Systematic derivations for the nonlinear optical effects including CPGE and SHG are presented in Sec. III by using SCA for general cases with finite B. Before proceeding to general discussion with B, we study these nonlinear optical effects from a fully quantum mechanical treatment by using a two band model. The focus of interest is whether the fully quantum mechanical expression coincides with the semiclassical formula. While SCA partially includes high energy bands through Ω, it does not necessarily capture all effects of the high energy bands. Thus the geometrical formulas for CPGE and SHG can be expected to be modified in the fully quantum mechanical treatment. In the following, we study the intraband contribution to CPGE and SHG by applying the Floquet formalism to a two band model and show that there indeed exist corrections to the semiclassical formula that are inversely proportional to the band separation.
We study a two band system periodically driven by an external electric field by using the Floquet formalism (for details of Floquet formalism, see Refs. [19] [20] [21] ). When the original Hamiltonian of the two band system is given by a Bloch Hamiltonian H orig (k), the time dependent Hamiltonian of the system driven by E(t) = Ee −iωt + E * e iωt is given by
For time-dependent Hamiltonian H(t, k) periodic in time, we define the Floquet Hamiltonian H F as
with T = 2π/ω. The Floquet Hamiltonian is no longer time-dependent but has an additional matrix structure with respect to Floquet indices m, n. Since we consider the case of driving frequency is much lower than the band gap, we can obtain the current expectation value by studying the Floquet band that is connected to the valence band in the undriven system. In order to do so, we use standard second order perturbation theory for
where H i represents a term in the Floquet Hamiltonian proportional to A i . The wave function up to the second order in A reads
where H 0 |n = E n |n . By applying the above formula to the Floquet Hamiltonian H F , we obtain Floquet states |ψ that describes the steady state under the drive of incident light. The current responses in the steady state are obtained from perturbed Floquet states that are connected to the original valence bands. This treatment can be justified when the frequency of incident light is much smaller than the energy difference of valence and conduction bands. (When ω satisfies conditions for optical resonances, Floquet bands originating from valence and conduction bands anticross each other. In this case, we cannot naively determine occupation of resulting Floquet bands, which requires considering the coupling to a heat bath [19] .)
By using the Floquet state |ψ connected to the valence band, the time dependent current in the steady state is given by
wherev α is the current operator along the α-direction is given by
In the following, we derive representative components of nonlinear response tensor describing CPGE and SHG by using the above method.
To study CPGE we consider a system subjected to the left circularly polarized light in the xy plane, where the electric field is given by
In this case, the Floquet Hamiltonian is written as
where v/c is energy of valence/conduction band, v i = ∂H 0 /∂k i is the velocity operator for the static Hamiltonian, and A = E/ω. Here we dropped the term H 2 proportional to A 2 because it does not contribute to dc photocurrent which is proportional to AA * and does not involve A 2 terms in the end. Since we are interested in the second order nonlinear current responses, it is sufficient to consider the Floquet Hamiltonian with n = −2, . . . , 2 by starting with the unperturbed wave function |ψ ini = |u v,n=0 . Now we study dc current in the x-direction induced by circularly polarized light for the steady state described by the Floquet state in Eq. (13) . The velocity operator in the x-direction is written up to linear order in A aŝ
By using Eq. (14), we obtain the CPGE photocurrent as
where we used
for the two band model, and dropped higher order terms with respect to ω. We note that the contributions proportional to |E| 2 /ω 2 vanish due to the time reversal symmetry (e.g., the TRS T = K constrains Re [v] and Im [v] to be odd and even functions of k, respectively), which is used when going from the first line to the second line. The nonlinear conductivity tensor is obtained by equating the above expression and j x in terms of σ and E(t) [in Eq. (16)] given by
Here we used antisymmetry of imaginary part of σ with respect to the last two indices. This leads to
and reproduces the semiclassical formula for σ xxy in Eq. (8) and vanishes when the energy separation is sufficiently large. This is consistent with the result of the SCA which is valid in the limit that the excitation frequency is small compared to the band gap. We note that the factor τ /(1 − iωτ ) in the semiclassical formula [Eq. (8)] is replaced by the factor i/ω in the above formula because the τ → ∞ limit (clean limit) is effectively taken in the Floquet perturbation theory.
Next we study SHG by using Floquet perturbation theory and the two band model in a similar manner to CPGE. We consider a system driven by linearly polarized light in the x direction as E x (t) = Ee −iωt + E * e iωt and the SHG in the y direction. The corresponding Floquet Hamiltonian is given by
We take |ψ ini = |u v,n=0 as the unperturbed wave function and keep the part of the Floquet Hamiltonian within the range n = −2, . . . , 2. The velocity operator along the y-direction is given bŷ
By using Eq. (14), we obtain the Fourier component of the current j y (t) proportional to e −2iωt as
Here we again used the fact that the contributions proportional to E 2 /ω 2 vanish due to the time reversal symmetry, and also dropped contributions with higher powers of ω. The above expression indicates that the nonlinear conductivity tensor σ yxx is written as
This again reproduces the semiclassical formula for σ yxx in Eq. (8) with the additional contribution that is inversely proportional to energy separation
v . To summarize, we derived formulas for CPGE and SHG in the sufficiently low frequency region in a fully quantum mechanical way by using Floquet perturbation theory applied to the two band model. This reproduces the semiclassical formula with Berry curvature dipole, where we find correction terms that are inversely proportional to the energy separation of higher bands. If we extend our analysis to general cases with many bands, it is expected that we obtain more correction terms. However, those corrections should be inversely proportional to the energy separation with the other bands and vanish in the limit of large band gap.
III. SEMICLASSICAL FORMULAS FOR NONLINEAR OPTICAL EFFECTS
We study nonlinear optical effects in the presence of magnetic fields using the SCA. Deriving semiclassical formulas for nonlinear magneto-optical effects is motivated in the following senses. First, it is theoretically interesting to see how the orbital magnetic moment m, which is angular momentum of wave packet and also of geometrical origin, governs nonlinear optical effects and modifies previous semiclassical results for B = 0 in Refs. [17, 18] . Second, the obtained semiclassical formula for nonlinear magneto-conductivity that includes all terms proportional to B 2 E is applicable to Weyl semimetals and may explain directional anisotropy of magnetoconductivity of Weyl semimetals recently reported in Ref. [10, 11] , which we perform in Sec. IV. Third, TR symmetric Weyl semimetals can support large nonlinear Kerr rotation. Intraband contribution to SHG vanishes for B = 0 in TR symmetric Weyl semimetals, and the SHG signal has a contribution linear in B. Thus application of B may lead to giant nonlinear Kerr rotation.
We derive semiclassical formulas for nonlinear magneto-optical effects up to the second order in E. It is convenient to rewrite the equations of motion (1) to collect time derivatives on the left:
The charge density ρ and current density j are given by
with [dk] = dk/(2π) 3 , where the second term of j is a contribution of magnetization current. We note that the factor D arises from a field-induced change of the volume of the phase space [22] . In the following, we focus on the uniform system. In this case, the expression of the current density reduces to
where we usedṽ
with v k = (1/ )∇ k 0 k . Now we focus on nonlinear responses driven by monochromatic light with the electric field E(t) = Ee −iωt . We consider current responses at orders E, and E 2 as follows. We write the distribution function in Fourier components as
where f 0 is the unperturbed distribution function and other terms appear in the presence of the electric field of the incident light. The steady-state distribution function is determined by the Boltzmann equation
where
This gives a recursive equation for the Fourier components f i . By combining the Fourier components f i and Eq. (36), we obtain nonlinear current responses in powers of E. In the following, we apply the above SCA to the linear current responses and the second order nonlinear optical effects in the presence of magnetic fields.
A. Linear current responses
We first study the linear current responses with B. We derive the semiclassical formula for the conductivity up to the second order of B in terms of Berry curvature and orbital magnetic moment.
The current response of the frequency ω is obtained from f 1 in Eq. (38). By equating terms proportional to e −iωt in Eq. (40), we obtain
with ∇ p = (1/ )∇ k , where we dropped the term involving (∇ k k ) × B because it is perpendicular to ∇ p f 0 = (1/ )(∇ k k )∂ f 0 . This leads to
Now the current response linear in E is given by
This expression is reduced if
we focus on the case where the electric field E is applied along the ith direction and the system preserves the TRS in the absence of magnetic fields. Specifically, we consider terms up to ∝ B that are nonvanishing with the TRS by expanding as 1/D 1 + (e/ )B · Ω k , which leads to
with f 0 = θ(E F − k ), i.e., a distribution function when B = 0. Here we used the fact that ∂ pi , v p , Ω,, and m are odd under the TRS. The first term in the integral is the metallic conductivity, while the second term describes regular Hall conductivity linear in B (in contrast to anomalous Hall conductivity which is nonzero in the absence of B). This second term indicates that the orbital magnetic moment gives a semiclassic description related to Landau level formation in the quantum limit. We note that there is no B-linear contribution to the longitudinal conductivity σ ii because the Onsager relation constrains the conductivity as σ ij (B) = σ ji (−B) and the longitudinal conductivity should be an even function of B.
Next, we derive the formula for the longitudinal magnetoconductance. Its lowest order dependence on B is quadratic due to the Onsager relation. The B 2 contribution to the longitudinal current response is explicitly written as
In addition to terms that contribute isotropically to the current density, there are several terms that contribute to the current density specifically along B which results in an anisotropic magnetoconductance if it is applied to Weyl semimetals as we discuss in Sec. IV.
B. Second order nonlinear optical effects
We move on to the second order nonlinear optical effects which include SHG and photogalvanic effect. We derive the general formulas which will be applied to Weyl/Dirac semimetals in Sec. V.
We consider the SHG that is described by the current response of the frequency 2ω. By equating terms proportional to e −2iωt in the Boltzmann equation (40), we obtain
which leads to
The second order current response of the frequency 2ω is given by
Now we focus on the case of linearly polarized light where the electric field is given by E(t) = Ee −iωt e i (e i being the unit vector along the ith direction), and see how the above general formula can be simplified in several cases by assuming the TRS in the following. First, when B = 0, Eq. (48) reduces to
This recovers the previously obtained semiclassical formula Eq. (8) for SHG. The above expression clarifies that the transverse component of the SHG is described by the Berry curvature dipole ∂ pi Ω k . This Berry curvature dipole contribution can be nonzero only when the inversion symmetry is broken since inversion symmetry constrains Ω k = Ω −k and causes cancellation of Berry curvature dipole between k and −k [17, 18] . Second, we consider the case when the magnetic field B is nonzero. The application of B leads to rotation of polarization plane of the SHG, which is known as nonlinear Kerr rotation and is an important nonlinear optical effect. We study the nonlinear Kerr rotation by keeping contributions up to linear in B. We start with the case where E and B are perpendicular to each other (E · B = 0). The modification ∆j 2 in the first order of B reads
Here we used f 0 = f 0 + (m · B)∂ f 0 . The nonlinear Kerr rotation arises from the component of ∆j 2 perpendicular to j 2 (B = 0) and encodes the information of the Berry curvature Ω and the orbital magnetic moment m. We note that the term ∝ (v k · Ω k )B vanishes in the case of 2D systems (where v p ⊥ Ω p ). Finally, we consider the case with E · B = 0. The further modification ∆j 2 (in addition to ∆j 2 ) up to B linear term is given by
Next we derive semiclassical formula for the photogalvanic effect in the presence of B. The photogalvanic effect causes static dc current in the second order of E. The dc component of the distribution function is also modified in the second order of E as f 0 → f 0 +δf 0 . The associated Boltzmann equation is written as
which is solved as
This leads to dc photovoltaic current δj 0 given by
where we write E * = E in the second line, for simplicity. This expression is analogous to j 2 (i.e., SHG), and indicates that the Berry curvature and the orbital magnetic moment of the Bloch bands also govern the Hall angle of dc photocurrent in the presence of an external magnetic field B.
IV. ANGLE-DEPENDENT MAGNETORESISTANCE
In this section, we study magnetoresistance by using the SCA developed in the previous section. In particular, we focus on the current response J ∝ EB 2 and study how the Berry curvature and the orbital magnetic moment contribute to magnetoresistance in Weyl semimetals.
We consider the Hamiltonian for Weyl semimetals given by
where v F is the Fermi velocity and η = ±1 specifies the chirality. In this case, the velocity operator, the Berry curvature, the orbital magnetic moment are written as
for the conduction band, wherek denotes the unit vector along k. Now we apply the semiclassics formula Eq. (45) for the linear current response j 1 proportional to B 2 to Weyl semimetals and study the angle-dependent magnetoresistance. First, we suppose that the electric field is applied in the z-direction as E = Ee z where e z denotes the unit vector along the z direction. In this case, the current along the z-direction (j 1 ) z is given by
when E B, and
when E ⊥ B (e.g. B x), where we assumed τ ω 1. Here, the first term is the isotropic dc conductivity and the second term is an anisotropic correction which originates from the E · B term related to the chiral anomaly in Weyl semimetals. The second term accounts for the negative magnetoresistance (MR) when E B, and the positive MR when E ⊥ B. Thus the semiclassical theory for the linear conductivity including effects of both Ω and m captures the directional anisotropy of linear conductivity in the B field which is usually considered to be an evidence of a Weyl fermion in transport measurements.
Next, we discuss the full angle dependence of the current response in the magnetic field. When the electric field is applied in the direction tilted by θ from the direction of the magnetic field B, the longitudinal magneto conductivity σ(B) is given by
Equation (60) does not depend on the chirality of the Weyl node nor in which band the chemical potential is located. It shows that the magnetoresistance (MR) is positive when E ⊥ B and it decreases to negative as θ → 0. If we separately look at contributions to the MR from the Berry curvature and the orbital magnetic moment, we find that either the Berry curvature or the orbital magnetic moment alone gives a negative magnetoresistance (Figs. 2a and 2b) , while the interplay between the Berry curvature and the orbital magnetic moment gives a positive magnetoresistance (Fig. 2c) . As a whole, Eq. (60) gives the angular dependences as shown in Fig. 2d . We note that the anisotropic magnetoconductance in the semiclassics [Eq. (60)] is not solely described by the contribution from the chiral anomaly. Specifically, the contribution from the chiral anomaly which was discussed in Ref. [23] is found in the term 
Angle-dependence of longitudinal magnetoresistance (LMR) for Weyl semimetals from the semiclassics: (a) contribution from the Berry curvature, (b) contribution from the orbital magnetic moment, (c) contribution from the interplay between the Berry curvature and the orbital magnetic moment, and (d) total angle-dependence. [10, 11] . In particular, Ref. [11] reported that the sign change of the MR occurs around 45
• in the low B region for Dirac semimetal Na 3 Bi, which is consistent with our semiclassical result shown in Fig. 2(d) . We note that our calculation for Weyl semimetals is also applicable to Dirac semimetals with a mild assumption that the degenerate energy bands having opposite chirality in Dirac semimetals are decoupled with each other.
Finally, we present estimates for the above nonlinear conductivities derived for Weyl semimetals. The directional anisotropy of the linear conductivity is given by the ratio of the two terms ∝ B 0 and ∝ B 2 in Eq. (59). The anisotropy ratio amounts to 0.06(B/1 T) 2 for typical parameters v F = 3 × 10 5 m/s, E F = 10 meV for the Weyl semimetal material, TaAs [24, 25] .
V. NONLINEAR MAGNETO-OPTICAL RESPONSES IN WEYL SEMIMETALS
In this section, we study the nonlinear optical responses of Weyl semimetals in the presence of magnetic field. Specifically, we study the second harmonic generation and the nonlinear Kerr rotation with B, and discuss that Weyl semimetals can support large nonlinear Kerr rotation in the infrared regime.
First, we notice that the SHG is vanishing in the absence of magnetic fields when the Weyl fermion has linear and isotropic dispersion as in Eq. (55). The contribution from the Berry curvature dipole to the SHG cancels within the Weyl node after the k-integration. Thus, the application of B is necessary in order that the SHG is nonvanishing for isotropic Weyl fermions. In this sense, the SHG with B in Weyl semimetals is a fundamen-tal nonlinear optical effect which is related to monopole structure in the momentum space via the orbital magnetic moment. Now we consider the SHG of Weyl fermions in the presence of the uniform magnetic field applied to the z-direction [B = (0, 0, B)] and study nonlinear current response proportional to B. When the electric field is perpendicular to B, e.g., E = (E, 0, 0), the nonlinear current response is given by
where we assumed τ ω 1 by focusing on the high frequency regime. On the other hand, when the electric field is applied in the z-direction [E = (0, 0, E)] and is parallel to B, there is additional contribution to SHG from the E · B term related to the chiral anomaly of Weyl fermions. In this case we obtain
This expression shows an enhancement of the SHG compared to the case of E ⊥ B; the chiral anomaly enhances the SHG. Since
F , the contribution to SHG proportional to B becomes very large when the Fermi energy is close to the Weyl point. This enhancement is a consequence of divergence of Berry curvature at the Weyl point. In the case of general band structure, the SHG can become nonzero even for B = 0 if we include the effect of band bending, e.g., by introducing a k 2 term in H. In this case, when the magnetic field is applied, the diverging contribution to SHG parallel to B leads to large rotation of polarization angle of SHG, and hence, large nonlinear Kerr rotation.
Finally, we estimate of magnitude of the nonlinear magneto-optical susceptibility which is given by χ ≡ j 2 /(iω) 0 E 2 . For the photon energy ω = 0.1 eV in the infrared region, the nonlinear susceptibility is estimated as |χ| = 1500 × (B/1 T)pm/V from Eq. (63) by adopting the parameters, v F = 3 × 10 5 m/s, and E F = 10 meV for Weyl semimetal material TaAs. For comparison, GaAs, which is the representative SHG medium, shows nonlinear susceptibility of χ 500pm/V in the visible light region [26] . Thus Weyl semimetals potentially support large nonlinear Kerr rotation from the Fermi surface effect for low photon energies.
VI. DISCUSSION
We have studied CPGE and SHG in the low-frequency limit from a fully quantum mechanical treatment by using Floquet perturbation theory and a two-band model. By doing so, we reproduced the previous expressions with Berry curvature dipole that were obtained from semiclassics. Our formula has a correction term that vanishes in the limit of large band separation. This correction is natural in that semiclassics focuses on one particular band and assumes other bands are well separated. While we adopted two band model for the quantum derivation, we expect more correction terms in general cases with many energy bands. Such corrections essentially originate from intermediate states involved in the optical process, and hence, should also be inversely proportional to band separation between the valence band of focus and the higher energy bands. Namely the main contribution to CPGE and SHG in the low frequency limit remains to be given by the Berry curvature dipole mechanism illustrated in Fig. 1 .
We have derived semiclassical formulas for the magneto conductance and nonlinear magneto optical effects by taking into account the orbital magnetic moment. There is an effort to partially incorporate interband effects to SCA [27] . Applying this method to isotropic Weyl fermions with linear dispersion does not lead to any correction to our semiclassical formulas for magnetoconductance and SHG derived in Sec. IV and Sec. V. However, in the case of general band dispersion, the interband contributions will generate correction terms which are proportional to some inverse powers of the energy band separation. Moreover, complete formulas for these nonlinear optical effects can be derived by using a quantum mechanical treatment. The quantum treatment may be feasible for two band systems as we employed to deduce quantum formula for CPGE and SHG, while it should become very complicated in cases of a general number of bands. In particular, it will be interesting to see how the Berry curvature and orbital magnetic moment arise in the quantum mechanical treatment, as is possible for linear responses for an arbitrary number of bands [8, 9] , and what the corrections from the semiclassical formulas look like. These issues are left as future problems.
There exists another class of Weyl semimetals in which Weyl points are created by applying magnetic fields and breaking time-reversal symmetry artificially in centrosymmetric crystals. Such creation of Weyl semimetals with B field was recently reported in GdPtBi [28, 29] , and semiclassical analysis of magnetoresistance for those materials has been performed in Ref. [30] . It would also be interesting to apply our semiclassical formula to nonlinear magneto-optical/transport properties in those fieldcreated Weyl semimetals.
